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Universal two-particle entanglement processes are ana- 
lyzed in arbitrary dimensional Hilbert spaces. On the basis of 
this analysis the class of possible optimal universal entangle- 
ment processes is determined whose resulting output states 
do not contain any separable states. It is shown that these 
processes form a one-parameter family. For all Hilbert space 
dimensions larger than two the resulting optimally entangled 
output states are mixtures of anti-symmetric states which are 
freely entangled and which also preserve information about 
input states. Within this one-parameter family there is only 
one process by which all information about any input state is 
destroyed completely. 

PACS numbers: 03.67.-a,03.65.-w,89.70.+c 



I. INTRODUCTION 

One of the main driving forces in the rapidly develop- 
ing field of quantum information processing is the ques- 
tion whether basic quantum phenomena such as interfer- 
ence and entanglement can be exploited for practical pur- 
poses. In this context it has been realized that the linear 
character of quantum theory may impose severe restric- 
tions on the performance of elementary tasks of quantum 
information processing. As a consequence it is impossible 
to copy (or clone) an arbitrary quantum state perfectly 
PJ. In view of the significance of entangled states for 
many aspects of quantum information processing the nat- 
ural question arises whether similar restrictions also hold 
for quantum mechanical entanglement processes. Of par- 
ticular interest are entanglement processes which entan- 
gle two quantum systems in an optimal way in the sense 
that the corresponding two-particle quantum state does 
not contain any separable components. Though many 
quantum mechanical processes are capable of entangling 
some input states of a quantum system with a known ref- 
erence state of a second quantum system, it is not easy 
to achieve this goal for all possible input states. This 
basic difficulty can be realized already in the simple ex- 
ample of a quantum mechanical controlled-not (CNOT) 
operation, i.e. 

CNOT : |±> ® (|+) + |-)) -> |T) ® |+) + |±) ® I-)- 

This CNOT operation entangles the orthogonal input 
states |±) of the first qubit with the second (control) 



qubit prepared in the reference state (|+) + |— )). Obvi- 
ously the two Bell states resulting from these input states 
are optimally entangled. However, due to its linearity 
this quantum process is incapable of entangling the first 
qubit with the second one for all possible input states. 
The input state (|+) + — )), for example, results in the 
factorizable output state (|+) + |— )) <g> (|+) + |— )). In 
view of this difficulty it is of particular interest to inves- 
tigate universal entanglement processes which are able 
to entangle all possible input states of a quantum system 
with a second one in an optimal way. 

Universal quantum processes act on all possible (typi- 
cally pure) input states of a quantum system in a 'similar' 
way. Consequently, these processes do not specify a pre- 
ferred direction in Hilbert space and thus reflect its 'nat- 
ural' symmetry. Therefore, the restrictions imposed on 
these processes by the linear character of quantum the- 
ory are not only of practical interest but they also hint 
at fundamental limits of quantum theory. So far many 
properties of universal quantum processes have been ana- 
lyzed for qubits [|||| ■ For qubits one can show that there 
is only one universal, optimal entanglement process. In- 
dependent of the input states this process produces the 
anti-symmetric Bell state as an optimally entangled out- 
put state |Q. However, for many applications in quantum 
information processing universal quantum processes are 
needed which do not only entangle different quantum sys- 
tems in an optimal way but which also preserve informa- 
tion about the original input state and redistribute this 
information into an entangled two-particle state. Moti- 
vated by this need recently Buzek and Hillery (|] have 
analyzed various quantum processes which entangle two 
qubits and which also preserve information about the ini- 
tial input state. Though for universal quantum processes 
both requirements are incompatible in the case of qubits 
universal optimal cloning processes manage to optimize 
both tasks simultaneously. However, the resulting out- 
put states are not optimally entangled as they always 
contain a separable two-qubit state. From these investi- 
gations on qubit systems one may be tempted to presume 
that a similar incompatibility between optimal entangle- 
ment and preservation of information about input states 
also holds in higher dimensional Hilbert spaces. 

In this paper it is shown that, contrary to this tempting 
presumption, in Hilbert spaces of dimensions higher than 
two optimal universal entanglement processes are possi- 
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ble which preserve information about the initial input 
state and which also lead to optimally entangled output 
states. For this purpose a convenient theoretical frame- 
work is developed which is capable of describing all possi- 
ble universal quantum processes involving two quantum 
systems. For the sake of simplicity we restrict our discus- 
sion to the important special case that the dimensions of 
the Hilbert spaces of both quantum systems are equal. 
First of all, the general class of all possible universal 
quantum operations is determined which is compatible 
with the linear character of quantum mechanics. Sec- 
ondly, the particular subclass is determined which pro- 
duces optimally entangled two-particle output states in 
the sense that these output states do not contain any sep- 
arable components. It turns out that for Hilbert spaces 
with dimensions larger than two these optimal univer- 
sal entanglement processes form a one-parameter fam- 
ily. Within this one-parameter family there is only one 
particular process producing optimally entangled output 
states which are independent of the input states. This 
particular optimal universal entanglement process has al- 
ready been discussed previously All other processes 
within this one-parameter family lead to output states 
which also contain information about the input state. 
One of these processes preserves this information about 
the original input state in an optimal way. It turns out 
that all the resulting optimally entangled output states 
are anti-symmetric with respect to particle exchange. 

This paper is organized as follows: In Sec. II the basic 
symmetry (or covariance) property of universal quantum 
processes is discussed by starting from a simple exam- 
ple, subsequently a general formalism is developed for 
describing all possible universal quantum processes in ar- 
bitrary dimensional Hilbert spaces. The consequences of 
covariance and of the linear character of universal quan- 
tum processes are implemented. In Sec. Ill all possible 
optimal universal entanglement processes are determined 
and basic properties of the resulting output states are in- 
vestigated. 



II. UNIVERSAL QUANTUM PROCESSES 

In this section the basic symmetry property of uni- 
versal quantum processes is exemplified by considering 
a simple example involving a process with two qubits. 
Based on this symmetry property and on the require- 
ment that any quantum process has to be linear with 
respect to all possible input states the general structure 
of universal quantum processes is discussed for the case 
of two arbitrary dimensional quantum systems. Optimal 
universal quantum cloning processes and optimal univer- 
sal entanglement processes are special cases thereof. 



A. Symmetry of universal quantum processes - an 
example 

Let us consider the following quantum process as an 
introductory example: 

Initially we prepare two distinguishable spin-1/2 quan- 
tum systems (qubits) in the state 

pi(m) = p in (m) (g) -1. 

The pure input state pj„(m) = |m)(m| of the first quan- 
tum system can be described by its Bloch vector m. 
This Bloch vector can take an arbitrary position on the 
Poincare sphere. The second quantum system is in a 
completely unpolarized mixed reference state which is 
assumed to be fixed once and for all. Selecting an arbi- 
trary pure input state pi n (m) we transfer the initial state 
Pi{m) into the output state 



/ \ P./pi(m)P. 7 
Mm)^p 2 (m) = Tr PjMm)p/ 



(1) 



Thereby the projection operator Pj = J2m \JM)(JM\ 
projects onto two-particle states with well defined total 
angular momentum J. This total angular momentum 
can assume the possible values J = 1 or J = 0. In 
a probabilistic way the transformation of Eq.(^) can be 
achieved by a measurement process. However, one may 
also think of realizing this transformation with a proba- 
bility of unity in a unitary and reversible way, for exam- 
ple. Choosing the direction of polarization of the input 
state as the quantization axis the result of this quantum 
process is given by 

p 2 (m) =pi\J = 1M =l)(J = 1M = 1| + 

(l-pi)|J = lM = 0)(J = lM = 0| (2) 

with pi — 2/3 or by 

p 2 (m) = \J = 0M = 0)(J = 0M = 0\ (3) 

depending on whether J = 1 or J = 0. This quan- 
tum process is universal in the sense that all input states 
are treated in a 'similar' way. The only direction the 
output state depends on is the one of the input state. 
Thus this quantum process is symmetric with respect 
to unitary transformations U which transform an arbi- 
trary pure one-particle input state, say |m ), into some 
other pure one-particle input state, say |m) = U\m Q ). 
This unitary symmetry or covariance of such a universal 
quantum process is characterized by the relation 

p 2 (m) = U{m) <8 C/(m)p 2 (m )/7 t (m) ® [/ f (m) (4) 

(compare with Fig. [l]). Thus the possible output states 
of a universal quantum process constitute a two-particle 
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representation of the group of unitary one-particle trans- 
formations. 

Universal quantum processes in which the step of 
Eq.(|l]) can be implemented with a probability of unity 
have been investigated in the context of copying (cloning) 
quantum states. In particular, it has been demonstrated 
that optimal quantum cloning can be achieved always by 
a universal quantum process. Furthermore, in the case of 
two qubits the maximum probability with which an op- 
timal universal quantum cloning process is successful is 
given by 2/3 @. This latter probability is identical with 
the probability pi appearing in Eq.(||). Thus, provided 
the process of Eq. (|l|) is implemented for J = 1 and with 
a probability of unity this process copies an arbitrary in- 
put state in an optimal way. However, if we project onto 
states with J = 0, we end up in the anti-symmetric Bell 
state formed by both qubits. Furthermore, this output 
state is independent of the input state which we choose. 
As a Bell state is maximally entangled this latter type 
of process is an example of a universal optimal entangle- 
ment process. 

Copying quantum states and preparing entangled 
quantum states are elementary tasks of quantum infor- 
mation processing. Thereby universal quantum processes 
fulfilling Eq. (^) which exhibit the same symmetry as the 
set of all possible pure one-particle input states are of 
special interest. Though much is already known about 
universal quantum cloning processes almost nothing is 
known about universal quantum processes which yield 
optimally entangled quantum states, in particular in ar- 
bitrary dimensional Hubert spaces. The main questions 
which will be addressed in the following are: Is it possi- 
ble at all to produce optimally entangled quantum states 
by universal quantum processes? Which limitations are 
imposed on the structure of these states by the universal- 
ity and linearity of such a quantum process? How do the 
properties of resulting optimally entangled states depend 
on the dimensionality of the Hilbert spaces involved? 

B. General structure of universal quantum processes 
involving two quantum systems 

Let us consider the most general universal quantum 
process which is capable of entangling two quantum sys- 
tems, i.e. 

V : pi n (m) ® p re f -> p out {m). (5) 

In our previous example the fixed reference state p re f 
was maximally mixed. In the present case we leave its 
form unspecified. The density operator of the pure input 
state is denoted pi n (m). For the sake of simplicity let 
us assume that the dimensions of the Hilbert spaces for 
both quantum systems are equal and of magnitude D. In 
order to classify all possible universal quantum processes 



of the form of Eq.(|5|) we have to determine the most 
general form of the input and output states. 

The density operator of an arbitrary input state of a D 
dimensional quantum system can always be represented 
in terms of the generators — 1, ...,£>) of the 

group SUd, i-e. 

Pin(m) = -^(1 + rriijAij). (6) 

(We use the Einstein summation convention in which one 
has to sum over all indices which appear in an expression 
twice.) A representation of these generators is given by 
the D x D matrices 

(Ay) (fe ° = SikSji - —tfyfe. (7) 

These matrices are not hermitian but they fulfill the re- 
lation A\- = Aji. Due to the constraint YliLi — 
only (D 2 — 1) of them are linearly independent. For 
D=2 these matrices reduce to the well known spherical 
components of the Pauli spin matrices, i.e. 2Au = o~ 2 , 
2Ai2 = a x + itjy and 2A21 = o x — ia y . Furthermore, 
Pi n (m) = pi„(m)t implies the relations [mjj]* = rriji 
so that Eq.(^J) involves (D 2 — 1) real- valued and lin- 
early independent parameters which form the com- 
ponents of a generalized Bloch vector. This Bloch vector 
is an observable of the quantum system which defines its 
state uniquely. Eq.(|^) represents a pure state provided 
Tr(pi„(m) 2 ) = 1 which is equivalent to the constraint 

Eij K,f - (V-D)(Ei™«) 2 = D(D- 1). 

In terms of the generators of Eq.(|7]) the most general 
two-particle output state is represented by a density op- 
erator of the form 

p out (m) = ^181 + a^(m)A y <8> 1 + 

a\f (m)l <g A i:j + K m (m) A„ <g> A kl . (8) 

In order to implement the covariance condition (Q) it is 
useful to separate the last term of Eq.(||) into terms which 
are invariant and into terms which transform as the gen- 
erators Aij under arbitrary unitary transformations of 
the form U ® U. For this purpose it is useful to start 
from the commutation relations of SUd, namely 

[Aiy i, A mn ] — A a 5 (^fijm&ai&bn ^in^am^bj)- (9) 

These relations imply that the tensor products Aji <S> A S j 
transform under arbitrary transformations of the form 
?7<g> U in the same way as A S i transforms under transfor- 
mation of the form U. Furthermore, the tensor product 
A^ ® Aji is an invariant under arbitrary unitary trans- 
formations of the form U <Z> U. However, note that the 
combination Ajj ® A s j, for example, does not transform 
analogous to A s ^ . Using these elementary transformation 
properties, the covariance condition (0) , and the fact that 
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any quantum operation has to be linear with respect to 
its input states we obtain the most general form for the 
density operator of the two-particle output state, namely 



p out (m) = — 1 ® 1 



&(m)A 13 <g> A i; + /3 ii (m)*A il ® A 



with 



(1,2) (1,2) 

= a VA ' 'my, 



(10) 



(11) 



and with C being independent of m. 

So far the output state of Eq. ( |l0| ) represents the most 
general hermitian operator which depends linearly on the 
input state pi n (m) and which fulfills the covariance con- 
dition (^). Accordingly, a particular universal quantum 
process is characterized by the set of real- valued param- 
eters C, and by the complex valued parameter 
(3. We still have to solve the more difficult task to restrict 
the range of these parameters in such a way that p ou t(m) 
of Eq.([lO|) represents a non- negative operator. In order 
to determine this fundamental range of these parameters 
we have to investigate the possible eigenvalues of the den- 
sity operator p out (m) of Eq. ( |l0| ) . Due to the covariance 
condition (^) we may restrict this investigation to a par- 
ticular pure input state with rriij = D5n5j\, for example. 
Using the matrix representations of Eq.(M) it turns out 
that the corresponding output state can be represented 
by a direct sum of density operators according to 



Pout 



(m = Den) = ^ < 



mPi 



(12) 



with the partial density operators 



P1 = |11>(11|, 



P2 



1 



(aW-aW)mn 



J=2 



2 P 2 



) + 



ljl)(jll( 



1 



(a< 2 ) -aW)m 



li 



2(D-1) 



2 P2 



) + 



h , x/ .^C + f3m n . | . 1X/1 .,C + f3*m n 

|ij}yi| + 1 j i> <i j I }, 



P2 



P2 



i 

as = p_ ^ X^b*j)0'j'l 
5 i 

P4= ]T — 



2=i<j 
|j*)0'*l 



(D-l)(£>-2) 
1 



(D- !)(£>- 2) 



C C 

P4 P4 



(13) 



The corresponding partial probabilities entering Eq.(|l^ 
are given by 



Pi 



= 4 + (« W + " (2 Vn(l - i) + C(l - - 



D 2 

(/? + /3*)m n (l-l) 2 , 



P2 = (D- l){-4 + (" (1) + a (2) )mn(l - I) - 



D 2 

Of 1 1 

_- 2^ + /3*)mu(l --)-}, 



Ps = (U - 1){ 



1 a^mn a^mn 



D 2 D D 

C Y (l-^) + (/3 + /3*)m 111 ^}, 



D 2 



w = (iJ-l)(U-2){^-^-^ 



D 2 D 



D 



D 



(14) 



The normalization of the density operator, i.e. 
Tr(j0 out (m)) = 1, implies 



Pi +P2 +P3 +PA = 1- 



(15) 



From Eqs.(|13|) and (14) one obtains the eigenvalues of 
/w(m = Den), namely 



Ai =Pi, 

A2± = 

A 3 = 
A 4 ± = 



2(D-1) 

P3 

(D-iy 
Pi 



(£>-!)(£> -2) 



± I C 



(16) 



Therefore the density operator of Eq.(|l2|) is non- negative 
only if all probabilities pi and all eigenvalues Ai of 
Eqs.(n> and ( [l6| ) are non- negative and fulfill Eq.(p^[). 
For (x^> = a^^and (3 — (3* , for example, these condi- 
tions on (j)2,P3,P4) form a tetrahedron (compare with 
Fig.^). Each point in this convex set defines a differ- 
ent universal quantum process whose possible output 
states can be obtained from Eq.(|l2|) with the help of 
the covariance condition (^J. The universal quantum 
cloning process, for example, is represented by point B 
in this figure and it is characterized by this particular 
universal process which maximized p\. Note that it is 
immediately obvious from Fig.|^ that perfect quantum 
cloning is impossible with a universal quantum process 
as pi = 1 -p 2 - p 3 -P4< 2/(D + 1) < 1. 

Finally, it should be mentioned that for dimensions 
D > 3 one may choose the probabilities (pi,P3,P4) or 
(P2tP3tPa), for example, as independent coordinates in- 
stead of the three independent real-valued parameters 
((a« + a^), C, {(3 + (3*)). Inverting Eqs.pl) and using 
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Eq.(|15[) one obtains the relation between these different 
coordinate systems, namely 



(3 + (3* 



1 



Pi 



Pi 



D(D-l) (D-l)(D-2) {D-iy 
Pi Pi 



C = 



2D 2 (D-1) 2D(D-1) 2D 2 {D-l) 

P3 

2D(D - 1)' 

P3 Pi 



(D-l) (D-l)(D -2) 



(17) 



In order to identify a particular universal quantum pro- 
cess uniquely in addition to these three probabilities one 
also has to specify the remaining two independent pa- 
rameters, namely (cr 1 ' — a^) and (/? — /?*). 



III. OPTIMAL UNIVERSAL ENTANGLEMENT 
PROCESSES 

Starting from the notion of optimal entanglement as 
defined by Lewenstein and Sanpera j^j it is shown that 
there is a unique one-parameter family of optimal uni- 
versal entanglement processes for Hilbert spaces with di- 
mensions larger than two. All these processes produce 
output states which are anti-symmetric with respect to 
particle exchange. Characteristic properties of the re- 
sulting output states are investigated. It is demonstrated 
that among this one-parameter family of optimal entan- 
glement processes there is only one process in which all 
information about input states is lost. All other pro- 
cesses preserve this information at least partly. Within 
this one-parameter family there is also one particular pro- 
cess which preserves this information optimally. 



A. Characterization of optimal universal 
entanglement processes 

Is it possible to entangle two quantum systems in an 
optimal way by a universal quantum process? Before 
addressing this question one has to clarify the mean- 
ing of optimal entanglement. As discussed by Lewen- 
stein and Sanpera Jj| one can decompose any quantum 
state p of a composite system into a separable part, 



say Psep, and an inseparable contribution p. 



insep ) 



i.e. 



P = ^Psep + (1 — typinsep with < A < 1. Thereby a 
separable state is a convex sum of product states of the 
form pa <S> Pb where pa and pb refer to quantum systems 
A and B respectively. Though this decomposition itself is 
not unique the maximum value of A is. Thus a quantum 
state may be called optimally entangled if the maximum 
possible value of A equals zero in any such decomposition. 

In order to determine the parameters for the universal 
quantum processes which produce optimally entangled 



states let us start from the output state p ou t(m = Den) 
of Eq.jT^). A necessary condition for this state being 
optimally entangled is that there are no admixtures of 
separable states of the form \jj)(jj\ for any j — 1, D. 
Thus, necessarily a universal quantum process producing 
optimally entangled states has to be characterized by the 
parameters 



Pi =0, 

P3 = 0. 



(18) 



It will be demonstrated by the subsequent arguments 
that this choice of parameters is also sufficient for the 
generation of optimally entangled output states. For this 
purpose it has to be proven that for any separable two- 
particle state \ip) = \<p) <8> \x) an d any positive value of 
A > the state 



Pout(rn = Den 



A|^)(V| 



(19) 



is negative definite. Thereby the state p ou t(m = 
Deu)^ fulfills conditions @. Due to the covariance 
condition (^) this non-negativity then implies that also 
any arbitrary output state /? ou t(m)( opt ' cannot contain 
any separable components. Thus, it is optimally entan- 
gled. 

For the proof of this statement we start from conditions 
@ and Eqs.(|lJ) and ©. According to Eqs.([l6|) and 
(17) the condition = implies A4_ = 0. Furthermore, 
from the non- negativity of A2- of Eq. ([llf) and from Eqs. 
1T7|) and (|l^) we obtain the relations 



= 0*, 



n {opt) 

P2 



(.opt) 

Pi 



J=2 

|lj)(il|-|jl><lj|}, 



1 



(£>-!)(£> -2) 



2=Kj 



(20) 



Thus, the parameters of Eqs.(|18|) imply that the resulting 
output state 



PoZ t] ( m = De n) = {l-Pi)P 



(opt) 



(opt) 

' Pip\ 



(21) 



is a convex sum of two-particle quantum states which 
are anti-symmetric with respect to permutations of both 
quantum systems. Let us consider now the state p' of 
Eq. (|l9|) . For an arbitrary state \ip) — \ip) ® \\) we can 
always choose a unitary transformation U in such a way 
that (l\U\ip) and (l|C/|x) are both non-zero. This unitary 
transformation may be interpreted passively as a change 
of basis in the one-particle Hilbert spaces. Applying the 
same unitary transformation to state (va = Den) 
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produces a convex sum of anti-symmetric two-particle 
states so that {ll\U <g> Up [ °^ ] U^ <8> E/t|ll) = 0. Thus, 
assuming the existence of a state = \<p) <8> |x) an d a 
probability A > implies that for this particular unitary 
transformation U the diagonal density matrix clement 
(11\U ® t/p'ZJt ® W\ll) = - A(l|l%)(l|[/|x) is neg- 
ative. Therefore p' is negative definite for any choice of 
the states \ip) and |x) and for any A > 0. Therefore a 
non-zero value of A is not possible in Eq.(19). So we con- 
clude that the two-particle state of Eq. ( |2l| ) is optimally 
entangled. By covariance the same property applies to 
all possible output states. This completes our proof. 



B. Basic properties of optimally entangled output 
states 



Thus, the parameters 



< P4 < 1, 

Pi =o, 

P3 = 0, 

p = f3* 



(22) 



characterize all possible universal quantum processes 
which produce optimally entangled two-particle output 
states. The resulting output states are statistical mix- 
tures of anti-symmetric states. Explicitly they are given 
by Eqs. (p0| ), ( fj"l| ) and by applying the covariance con- 
dition (^). In addition they exhibit other noteworthy 
properties which will be discussed in the following. 

The partial transpose of the output state (m = 
Den) of Eq.(|2l]) has always a negative eigenvalue of mag- 
nitude 



A = - 



P4 _ f P4 

2(13-1) 1 {D-D 



(23) 



Pi 



, r l D-2 



D 



P2 



2(D-1) 



- — ri 



2-11/2 



Therefore, by covariance all optimally entangled states 
which are produced by these universal entanglement pro- 
cesses are freely entangled || . 

Due to covariance all output states resulting from the 
same universal optimal entanglement process have the 
same von Neumann entropy of magnitude 

5W=ri. l °-f^ t (l-^. (24) 



2p 4 



1 ~P4 



Thus, for D > 4 the universal entanglement process with 
Pi = produces output states with the smallest possible 
von Neumann entropy, namely 



S min = S(p 4 = 0) = ln(£>-l). 



(25) 



For D < 4 this process of minimal von Neumann entropy 
is characterized by p± — 1 and the corresponding minimal 
entropy is given by 



Smin = S(p4 = 1) = In 



(23 -!)(!> -2) 



(26) 



For D = 3 the resulting pure anti-symmetric output state 
is orthogonal to the pure input state. Geometrically this 
anti-symmetric output state may be viewed as represent- 
ing the unique plane which is orthogonal to the input 
state. This way this process preserves information about 
the input state. For D = 4 both processes, i.e. p4 = 
and p4 = 1, yield the same von Neumann entropy for 
the output states. As apparent from Fig.|| this possi- 
bility of a 'coexistence' of two universal optimal entan- 
glement processes for D = 4 resembles some of the sig- 
natures of a second order phase transition. Within the 
one-parameter family of optimal universal entanglement 
processes the process characterized by p4 — (D — 2)/D 
(or equivalcntly C = —1/[D{D — 1)]) gives rise to output 
states with the largest possible value of the von Neumann 
entropy, namely 

s_ sS(P4 = <£^, = ln £<^>. (27) 

Thus this process generates an output state which is a 
maximal mixture of all possible (D — 1)(D — 2)/2 anti- 
symmetric two-particle states. 

Let us finally, determine the index of correlation M 



IC(p) = 5(i?i(m)) + S(R 2 (m)) - S( Pout (m)) 



(28) 



of the one-parameter family of optimal entanglement pro- 
cesses. Thereby 



fli(m) = TT 2 {/w(m)}, 
R 2 (m) = Tri{p „ t (m)} 



(29) 



denote the reduced density operators of the first and sec- 
ond quantum system. This index of correlation or mutual 
entropy serves as a measure for the classical and quan- 
tum correlations between both quantum systems. For a 
given value of p4 the corresponding index of correlation 
is given by 



JC(p 4 ) = In 



1+P4 



p 4 \n 



2pj{D - 1) 
(1+P4)(D-2Y 



(30) 



From this relation it is apparent that IC(p4) has a local 
minimum for p± = (D — 2) j 1 D. Thus, the optimal entan- 
glement process with the largest possible von Neumann 
entropy produces output states with the smallest possi- 
ble mutual entropy. Furthermore, the output states of 
the optimal entanglement process with p 4 = have the 
largest possible index of correlation, i.e. IC(p 4 — 0) = 
21n2. It is remarkable that this latter index of correla- 
tion is indendent of the dimension of the Hilbert spaces 



G 



D and that this value is equal to the mutual entropy of 
a Bell state. 

It is also of interest to investigate to which extent the 
optimally entangled output states preserve information 
about the initial pure input state jOj n (m). This informa- 
tion about the input state is characterized by the gener- 
alized Bloch vector m. In the output state of Eq. ( |io| ) this 
information is contained in the terms proportional to the 
parameters and (3. The parameters and 

a' 2 ' characterize the information about the initial pure 
input state which is still contained in the two-particle 
output state in each subsystem separately, i.e. in the 
reduced states 



i?i(m) = — + Da ' ///,, A,,. 
R 2 (m) = — + Da 2 iii,, A,, 



(31) 



of the first and second quantum system. The parameter (3 
characterizes the information about the input state which 
is distributed over both quantum systems. This latter 
property is apparent from the fact that this parameter 
appears in Eq. (|l(]) with tensor products of the form Ay (g) 
Aji and Aji <g> Ay. According to Eqs.(|l7|) for a given 
value of P4 these characteristic quantities are given by 



(D-2) 



Pi 



2D 2 (D-1) 2D(D-iy 
1 p 4 



D(D-l) (£>-2)(£>-l)' 



(32) 



Thus, the universal entanglement process with p± = 
yields 



a% ax = {D-2)/[AD\D-l)] 



(33) 



and preserves the maximum amount of information about 
the initial state in each subsystem separately. It is in- 
structive to compare this maximum value for a^max with 
the corresponding value achievable by an optimal quan- 
tum cloning process which maximizes a*- 1 ) with respect 
to all possible universal quantum processes. Its opti- 
mal value is given by a^ me = (D - 2)/[AD 2 (D - 1)] + 
1/[2D 2 (D - 1)(D+1)]. Thus, for D > 2 both values dif- 
fer by terms of relative magnitude 0(1/ D 2 ) so that their 
difference tends to zero rapidly with increasing dimension 
D of the one-particle Hubert spaces. This demonstrates 
that for D > 2 an optimal universal entanglement pro- 
cess with pi = preserves almost as much information 
about the orientation of the initial quantum state as an 
optimal universal cloning process (compare with Fig^). 

The optimal entanglement process with p4 = (D — 
2)/D yields a' 1 ' = = [3 = so that all information 
about the orientation of the initial quantum state /9j n (m) 
is lost. Its resulting output states are independent of the 
input states and they are scalars with respect to uni- 
tary transformations of the form U ® U and with respect 



to permutations between both particles. This particular 
process is the only one within the one-parameter family 
of optimal universal entanglement processes which fulfills 
the additional requirement 



iii(m) = R 2 (m) = 1/D. 



(34) 



Though this property is characteristic for all Bell states 
it does not hold for the output states which are gen- 
erated by all other optimal universal entanglement pro- 
cesses with p4 ^ (D — 2) /D which are possible for D > 2. 

Let us finally comment on the special case of qubits, i.e. 
D = 2, for which some of the considerations of this chap- 
ter have to be modified. In this case p4 disappears from 
Eq. (pl|) . Consequently only one optimal entanglement 
process is possible which is characterized by p\ = P3 = 
and by the anti-symmetric output state 



Jopt) / _ n x (opt) 

Pout l m = ^ e ll] — Pi 



(35) 

Thus, in this case the one-parameter family of optimal 
universal entanglement processes which is possible for 
D > 2 collapses to a single process whose output states 
are independent of the input states. 



IV. CONCLUSIONS 

It has been demonstrated that in Hilbcrt spaces of di- 
mensions larger than two the linear character of quan- 
tum mechanics is compatible with the existence of opti- 
mal universal two-particle entanglement processes which 
preserve information about initial input states. These 
optimal universal entanglement processes form a one- 
parameter family and their resulting output states are 
statistical mixtures of anti-symmetric states. This sit- 
uation is completely different from the case of qubits 
where only one optimal universal two-particle entangle- 
ment process is possible which destroys all information 
about any input state. In higher dimensional Hilbcrt 
spaces there is only one particular member of this one- 
parameter family for which all information about an ini- 
tial input state is lost completely during the entangle- 
ment process. All other processes within this family 
preserve this information at least partly. The degree of 
preservation of this information about the input state ap- 
proaches the degree which is achievable by optimal uni- 
versal cloning processes. The dimensional dependence of 
the optimal universal entanglement process whose output 
states have minimal von Neumann entropy exhibits sig- 
natures of a second order 'phase transition' for Hilbcrt 
space dimensions equal to four. For this particular di- 
mension two different optimal universal entanglement 
processes are possible which produce output states with 
minimal von Neumann entropy. 

The presented investigations indicate that convex sums 
of anti-symmetric quantum states might also play a pre- 
dominant role in universal entanglement processes which 
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involve more than two quantum systems. Furthermore, 
entanglement processes which also preserve information 
about an input state might have interesting applications 
in various branches of quantum information processing, 
such as quantum cryptography or quantum error correc- 
tion. Thus, the presented results indicate that further 
exploration of quantum information processing beyond 
qubits may offer unexpected and useful surprises. 

This work is supported by the Deutsche Forschungsge- 
meinschaft within the SPP 'Quantum Information Pro- 
cessing', by the DAAD and by the DLR. 
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m = Umo 



V 



/W(m ) 



p out (m) = 

U <g> Up ou4 (m )Ut <g> Tjf 



FIG. 1. Pictorial representation of the symmetry (covari- 
ance) condition which characterizes universal quantum pro- 
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FIG. 2. Convex set of points (p2,P3,P4) characterizing all 
possible universal quantum processes for a' 1 ' = a^ 2 \ /3 = j3* 
and D — A. 
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FIG. 3. Minimal values of the von Neumann entropy 
of optimal universal entanglement processes (compare with 
Eqs.fS) and (H)) as a function of D. 




FIG. 4. Dimensional dependence of the ratio between 
ot'max as defined by Eq.(^) and the corresponding value ct^ ne 
characterizing the optimal universal cloning process. It is 
for D = 2 only that in the optimal universal entanglement 
process all information about any input state is lost. 
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